Abstract. In this paper we show that given a knot or link K in a 2n-plat projection with n ≥ 3 and m ≥ 5, where m is the length of the plat, if the twist coefficients a i,j all satisfy |a i,j | > 1 then S 3 − N(K) has at least 2n − 4 nonisotopic essential meridional planar surfaces. In particular if K is a knot then S 3 −N (K) contains closed incompressible surfaces. In this case the closed surfaces remain incompressible after all surgeries except perhaps along a ray of surgery coefficients in Z ⊕ Z.
Introduction
Incompressible surfaces play a major role in the study of 3-manifolds. In the case of manifolds with nonempty boundary, the existence of incompressible surfaces with boundary is a well-known result (see [He] ). However, deciding whether a 3-manifold, closed or with boundary, contains a closed incompressible surface not parallel to the boundary turned out to be a hard problem. Remark 1.4. The condition that |a i,j | > 1 can be weakened; this is done in Lemma 5.1 of Section 5. However, the statement we obtain there is probably still not the best possible. Remark 1.5. Theorem 1.2 is applicable to knots only since there are examples of links, for example the Boromean rings, which contain essential planar meridional surfaces but do not contain closed incompressible surfaces. Definition 1.6. A knot/link K ⊂ S 3 has a 2n-plat projection if it can be projected onto a 2n-braid in some plane with "bridges" connecting the strings on the top and on the bottom, so that the number of rows of crossings, m, is odd, as indicated in Figure 1 (see also [BZ] ). Each configuration of the form or occurring in the ith row and the jth column, indicates |a i,j | crossings which are positive or negative depending on the sign of a i,j , where 1 ≤ i ≤ m and 1 ≤ j ≤ n−1 or 1 ≤ j ≤ n, depending on whether the row is odd or even numbered respectively. Remark 1.7. The fact that link complements contain essential surfaces is not that surprising since one can conceivably arrange the components of the link to be on either side of the surface in such a way that the surface is incompressible. However, the fact that essential surfaces are so abundant in knot complements is quite remarkable.
It follows from [Wu 1 ] that if the knot is not isotopic onto an incompressible surface, these surfaces will remain incompressible for all surgery coefficients in the surgery space, except perhaps for surgery coefficients on a single line. Let ∆(γ, δ) denote the geometric intersection between geodesic curves on ∂N (K) representing the surgery slopes γ and δ. We now have Theorem 1.8. Let K ⊂ S 3 be a knot in a 2n-plat projection, n ≥ 3, m ≥ 5, with meridian µ. If |a i,j | > 1, for each i and j, and K is not isotopic onto the essential surface, then all manifolds obtained by surgery, except surgery along slopes γ such that ∆(γ, µ) ≤ 1, are Haken. Remark 1.9. It is conjectured by Lopez that every non-Haken 3-manifold contains a knot whose complement contains no closed incompressible surface. The Lopez conjecture has implications to some approaches toward solving the Poincare Conjecture. Theorem 1.2, which deals only with knots in S 3 , explains why the Lopez conjecture is hard to prove.
The known results about closed incompressible surfaces have been of three types. The first type of results consist of various specific methods of constructing manifolds which contain essential surfaces and hence tend to be of very special nature (see for example [Sw] ). The second type assumes that essential surfaces exist in the 3-manifold and then it is shown that these surfaces must have certain properties (see [Sh] , [Me] ). The third type of results are actual existence theorems and there are surprisingly few of them. The only families of knots or links whose complements are known to contain essential surfaces, beside obvious constructions like satellite knots, are fibered knots (see [Ly] ), Star links, (which include Montesinos knot/links), (see [Oe] ), closed hyperbolic 3-braids (see [LP] , [Fi] ), Brunnian rings of at least four components, and homology boundary links (see [CL] ).
6-plats
In this section we will discuss knots or links which have projections as 6-plats (see for example Figure 2 ). This will be a fundamental case in our argument. Definition 2.1. An n-tangle, n > 1, is a pair (B, T ) where B is a 3-ball and T is a collection of n disjoint arcs (strings) t 1 , . . . , t n properly embedded in B. A tangle will be called essential if the planar surface ∂B − N (∂T ) is incompressible in B − N (T ). Definition 2.2. Let K be a knot or link in a 6-plat projection. A vertical 2-sphere in (S 3 , K) is a 2-sphere intersecting N (K) in meridional curves separating (S 3 , K) into two tangles (B 1 , T 1 ), (B 2 , T 2 ). Furthermore, the 2-sphere intersects the projection plane of the plat in a unique simple closed curve. This curve intersects the top and bottom bridges and it separates an odd numbered row so that there is a box of crossings in each tangle and separates an even numbered row of three boxes of crossings into two boxes in one tangle and one box in the other alternately. The intersection of the 2-sphere with the projection plane is indicated by S 2 in Figure 2 , for m = 9, n = 3. Remark 2.3. Note that the definition of a vertical 2-sphere gives two such spheres al when n = 3, since the vertical sphere is determined by how it divides the first row of three boxes into a set of two boxes and a single box and there are two such choices. In general we can define 2n − 4 vertical 2-spheres in a 2n-plat. Figure 3 , up to rotation and reflection.
Remark 2.5. Note that the tangles of type A * , B * , C * , C * * are isotopic to the tangles A, B, C, respectively, by an isotopy which fixes the disk d i (or disks in the case of tangles of type C).
Proof. Consider the vertical 2-sphere S cutting the knot or link in the 6-plat configuration into the two tangles. It is clear that each time S separates a row of three boxes of crossings into two boxes in one tangle and one box in the other, we can properly embed a disk d i in the tangle containing the single box so that T will intersect d i in exactly two points p i 1 , p i 2 and ∂d i ⊂ ∂B k . Now consider the tangle (B 1 , T 1 ). We can insert the disk d 1 below the second row of boxes and then insert a disk every four rows. Since the number of rows m is always odd, the number of disks is [ m−2 4 ] + 1, where [a] denotes the integer value of a. If the residue of m mod 4 is 3, we will have a type A sub-tangle at the top and at the bottom. If m mod 4 is 1, we will have a type A sub-tangle at the top and a type B at the bottom. If the number of rows is equal to or greater than 7 the sub-tangles in the middle will be of type C. Note that sub-tangles of type A and B appear only at the top and bottom of (B k , T k ). In the case of the tangle (B 2 , T 2 ) we will have a sub-tangle of type B at the top and if m mod 4 = 1, we will have a type A Figure 3 sub-tangle at the bottom. If m mod 4 = 3, we will have a sub-tangle of type B at the bottom. The rest of the sub-tangles are of type C. Altogether we have [ m 4 ] disks in this case. Now the claim follows by an easy induction argument on m.
By the "configuration of the strings" we mean the linking pattern of the various strings, i.e., which strings link and in what order. The configuration of the strings in the sub-tangles of type A, B and C is determined by the parity of the crossing numbers a i,j that they contain (see Lemma 2.4 and Figure 3) . Each sub-tangle of type B or C contains four such crossing numbers and is thus determined by four integers a 1 , a 2 , a 3 , a 4 . There are sixteen sub-tangles of type B, (C) denoted by We may assume that D is contained in, say, B 1 . Now D cuts B 1 into two 3-balls, one of which does not contain the string t 1 . We can now isotope D 2 off that 3-ball to reduce the number of components of intersection of D 1 ∩ D 2 by an isotopy fixing a neighborhood of both strings. Again this is in contradiction to the choice of D 2 and proves the claim.
Essential tangles
In this section we prove a special case of Theorem 1.1 for knots or links admitting a 6-plat projection. Throughout this section we assume that all the conditions required in Theorem 1.1 are satisfied by all knots and links K. Definition 3.1. An arc in one of the disks d i will be called essential if it cannot be isotoped into ∂d i by an isotopy fixing the points p 1 , p 2 . Otherwise, it will be called inessential. In order to prove the proposition we need the following lemma: 
Proof. Suppose, in contradiction, that some nontrivial curve σ on the boundary of a sub-tangle (B, T ) which misses the disks d i bounds a disk ∆ contained in the sub-tangle.
Case 1. The disk ∆ cannot be contained in a sub-tangle (B, T ) of type A: If the number of crossings a 1 in (B, T ) is odd, the curve σ, being nontrivial, bounds a disk B * on ∂B − d i containing at least one endpoint of at least one of the strings. Since a 1 is odd, the disk B * cannot contain the other endpoint which is on d i and hence ∆ separates this string. This is a contradiction as ∆ ∩ T = ∅. If a 1 is even, then ∆ must separate the sub-tangle into two 3-balls each containing a string. Consider a small arc α on d i connecting the two endpoints of the string t 1 which has both endpoints on d i . Since |a 1 | > 1, the simple closed curve t 1 ∪ α is homologous to [a 1 /2] = 0 ∈ H 1 (B −N(t 2 )), where t 2 is the other string in (B, T ). Hence ∆ cannot separate t 1 from t 2 , a contradiction.
Case 2. The disk ∆ cannot be contained in a sub-tangle (B, T ) of type B: Consider the first five of sixteen sub-tangles of type B denoted by B(1) − B(5) as indicated in Figure 4 , where "o" indicates odd and "e" indicates even crossing number a i .
In the sub-tangles of type B(1)-B(5) the two endpoints p 1 1 , p 1 2 on the disk d i belong to the same string t 1 . The disk ∆ must therefore separate the string t 1 from the string t 2 or t 3 (or both). Since ∆ ∩ int d i = ∅, we can connect the endpoints of t 1 by an arc α on d i pushed slightly into the interior of B. We denote these modified sub-tangles, which consist of a 3-ball B containing two properly embedded arcs and a simple closed curve t 1 ∪ α, by B (1)-B (5) respectively. Therefore, if a disk ∆ exists in a sub-tangle of type B(1)-B(5), it must also exist in the modified subtangle of type B (1)-B (5).
The curve σ = ∂∆ bounds a disk B * on ∂B − d i and B * must contain some endpoint of a string that ∆ separates from t 1 and hence it must contain both endpoints of that string. If the disk B * contains ∂t 2 (∂t 3 ), we can connect the endpoints of the string t 2 (t 3 ) by an arc β(γ) in B * . If we can separate t 2 from t 1 by a disk ∆, then we can also do this in the absence of t 3 . So we can omit t 3 and after connecting the endpoints of t 1 and t 2 by arcs α and β, respectively, we obtain a 2-bridge link: i = 1, 3, 4, the link L(α, β) is not a trivial link and by definition of a 2-bridge link it is not a split link. In cases B (3) and B (4) we obtain a torus link L(2, a 1 ) which is also non-split since |a i | > 1. Hence we cannot have a disk ∆ separating t 2 from t 1 (see, for example, Figure 5 for case B (1)).
Suppose now that we can separate t 3 from t 1 by a disk ∆, then we can do this in the absence of the string t 2 . As before, in cases B(3), B(4) and B (5) we can omit the string t 2 and connect the endpoints of t 1 and t 3 by arcs α and γ, respectively, to obtain torus links L = (t 1 ∪α)∪(t 3 ∪γ) of the form L(2, a 4 ), L(2, a 4 ) and L(2, a 2 ) respectively. These links are non-split since |a i | > 1, so we cannot have a disk ∆ separating t 3 from t 1 in these cases.
We still need to show that in cases B(1) and B(2) we cannot separate the string t 3 from the strings t 1 ∪ t 2 by a disk ∆. The argument must be different since in the absence of t 2 we can separate t 3 from t 1 by a disk ∆.
If there is a disk ∆ in one of B (1), B (2) which splits off the unknotted arc t 3 , then it also cuts B (i), i = 1, 2, into two 3-balls. One is a 3-ball B # with an unknotted arc t 3 and the other B ## is a 3-ball containing the arc t 2 and the simple closed curve t 1 ∪ α. Hence there is an arc γ on the boundary of the B # in the complement of the gluing disk ∆ so that γ ∪ t 3 bounds a disk in B # . This disk survives the gluing of
The arc γ is a path on the meridional annulus (∂B − ∂t 2 ) with the two endpoints of t 3 removed. Hence we can omit one endpoint p of t 2 and consider γ as a path on the disk ∂B − N (p) connecting the endpoints of t 3 in the complement of a third point p. Such a path, which determines an element in the 3-braid group, can wind alternately between the endpoints of t 3 and the remaining endpoint of t 2 . Thus the contribution of the γ part of the simple closed curve γ ∪ t 3 to the word [γ ∪ t 3 ] is v m , where v is the generator of π 1 (B − N (t 1 ∪ α ∪ t 2 )) corresponding to the foot of the string t 2 and m ∈ Z, as indicated in Figure 6 .
The t 3 part of the simple closed curve γ ∪ t 3 contributes to [γ ∪ t 3 ] an element in π(B −N (t 1 ∪α∪t 2 )) which depends on the linking of t 3 and t 1 ∪α∪t 2 . In both B (1) and B (2) a 4 is even and
. If the word z k2 v m is a relator in a group of a 2-bridge link, which abelianizes to Z ⊕ Z, we must have
Note that in each of B (1), B (2) the fundamental group
Since |a i | > 1, these links are never of the form L(α, 1) i.e., they are not torus links. Hence their complements
Any 2-bridge knot or link group G has a presentation, with generators as indicated in Figure 6 , as follows (see [BZ] , p. 208):
when α = 1 mod 2 i.e., L(α, β) is a knot and
when α = 0 mod 2 i.e., L(α, β) is a link, where ε i = (−1) [iβ/α] and [a] is the integral part of a. Now set a i = 2k i if a i is even and if a i is odd set a i = 2k i ± 1, depending on whether a i is positive or negative.
We need the following lemma:
Proof. Assume first that |k 2 | > 1. In this case the subgroup v, z generated by v and
If it was cyclic there would be an element w ∈ G so that v = w r and z = w s . This would contradict the fact that the images of both v and z in the abelianization of G are generators of a Z factor, unless r = s. If r = s, then v = z which contradicts our assumption |k 2 | > 1. Hence the group v, z has a nontrivial center and by Lemma VI.1.5 of [JS] the manifold M = B − N (t 1 ∪ α ∪ t 2 ) must contain a nontrivial Seifert characteristic variety. This is a contradiction since M is a hyperbolic manifold. (See also Theorem VI.4.1 of [Sh] .)
If
. This is the relation of a (2, k 4 )-torus link group H. Since {u, v} is a generating set for the group G, it follows that G is a quotient of H. Recall that H = x, y|x 2 = y k4 . Since G is hyperbolic, the centralizer of H must be mapped to {e} ∈ G. It follows that G contains a quotient of x, y|x 2 = y k4 /Center = Z 2 * Z k4 and all elements of finite order must be in the kernel since G does not contain such elements. This would imply that the images of both x and y are in the kernel. However, the images of x and y generate the nontrivial group G. This is a contradiction and we cannot have a relation z = v in G.
Hence we cannot have a disk ∆ separating t 3 from t 1 in sub-tangles of type B (1) and B (2). Consequently, we cannot have a disk ∆ in sub-tangles of type B(1)-B(5).
Consider now the remaining eleven sub-tangles of type B denoted by B(6)-B(16) as indicated in Figures 10 and 11 and where B(16) denotes the tangle where all a i , i = 1, . . . , 4, are odd. Note that in all the tangles B(6)-B(16) the strings t 1 and t 2 have endpoints on the disk d i so as before, since the disk ∆ if it exists misses the disk d i , we can connect the endpoints of t 1 and t 2 by an arc α to obtain one string t = t 1 ∪ α ∪ t 2 . We denote the new 2-tangles by B (6)-B (16) and the existence of a disk ∆ in B(6)-B(16) implies the existence of ∆ in B (6)-B (16).
We can cut each of the sub-tangles B (6)-B (16) by a properly embedded disk ∆ 1 into two 2-tangles B 1 and B 2 separating the a 2 twists from the rest of the tangle. We can then further cut the 2-tangle B 2 by a properly embedded disk ∆ 2 into two 2-tangles B (15) is a rational tangle since if we remove t 3 the arc t is knotted (i.e., there is no embedded disk D so that ∂D = t ∪ α, where α is an arc on ∂B). It now follows from Lemma 3.1 of [Wu 2] that ∂B − N (t ∪ t 3 ) is incompressible. The tangle B (16) does not contain a compressing disk by Lemma 3.3 of [Wu 2] , since it is a sum of atoroidal tangles, neither of which is a 2-twist tangle (since in the case the a i 's are all odd). Therefore there is no compressing disk ∆ in B (6)-B (16) and hence there is none in B(6)-B(16). This finishes the proof of Case 2.
Case 3. The disk ∆ cannot be contained in a sub-tangle (B, T ) of type C: In this case there are also sixteen different sub-tangles depending on the parity of the a i 's. Suppose that (B, T ) is of type C(j). If σ = ∂∆ is a non-trivial simple closed curve in the annulus ∂B − ((d i ∪ d i+1 ) less (∪ endpoints of the strings)), then either it is parallel to the core of the annulus (if the strings are not fixed) or it bounds a disk on ∂B.
Suppose first that σ is parallel to the core of the annulus. The curve σ separates
) must contain all endpoints of the strings meeting the disk d i (d i+1 ). Otherwise, the disk ∆ will separate the endpoints of at least one of the strings, which clearly cannot happen. Thus σ will remain nontrivial in ∂B -(strings), where B is obtained from B by connecting the endpoints of the strings on d i+1 by a small arc and pushing this arc into the interior of B. We obtain a new tangle which is the same as B(j) and the proof follows from that case.
Figure 7
If σ bounds a disk B * on the annulus, then we can connect the endpoints of the strings on the disk d i by an arc in d i and the curve σ will continue to be nontrivial in the new tangle, since both B * and ∂B − (B * ∪ d i ) contain endpoints of T . Again we obtain a new tangle which is the same as B(j) and this completes the proof. Proof. Assume, in contradiction, that there is some compressing disk D for (B k , T k ), k = 1, 2. We can choose a disk D so as to minimize the number of components Figure 8 in the intersection of D ∩ {∪d j }. We may now assume, by Proposition 3.3, that D ∩ {∪d j } contains no simple closed curves or inessential arcs. By Corollary 3.6 any outermost disk E ⊂ D must intersect a disk d i in a single arc ρ separating the two points p i 1 , p i 2 and is contained in a single sub-tangle. It is sufficient to consider only sub-tangles of type A or B. This is because the disk E cannot intersect both the top disk d i and the bottom disk d i+1 in a subtangle of type C. Hence if a disk E like that exists in a sub-tangle of type C it will also exist in the sub-tangle after we connect the points p i 1 , p i 2 , on the disk not met by E, by a small arc on the disk and then push it slightly into the interior of the 3-ball. The resulting tangle, up to rotation, is a sub-tangle of type B. Case 1. Assume that E is contained in a sub-tangle of type A. The crossing number a 1 must be odd, since if a 1 is even, then p 1 1 , p 1 2 belong to the same string and cannot be separated by E. Assume that a 1 is odd. The sub-tangle of type A is isotopic to a tangle as in Figure 8 (a) and after an isotopy (not fixing the strings) to a tangle as in Figure 8(b) . The boundary of the disk E is a union of two arcs σ ∪ρ where σ is an arc on the twice punctured disk ∂B − d. If σ is not an essential arc on ∂B − d, then we have a 2-sphere intersecting the link L once. Hence σ is an arc separating the two endpoints of the strings on ∂B − d. By Lemma 2.6 σ is isotopic by an isotopy of (B, T ) twisting the endpoints of the strings in ∂B − d about each other to the standard separating arc which we denote by σ . The isotopy above would induce an ambient isotopy of the disk E to a new disk denoted by σ . After the isotopy the tangle looks as indicated in Figure 8(b) . The curve ∂E = σ ∪ ρ separates the pairs of endpoints of the two strings. We can now connect the endpoints of each respective string by an arc to obtain a 2-bridge link as indicated by the thick lines in Figure 9 . Hence the existence of the disk E implies that this 2-bridge link is a split link. This is a contradiction and hence a disk E does not exist.
Case 2. Assume that an outermost disk E is contained in a sub-tangle of type B. We must consider all sixteen possible cases.
Sub-case (a). Consider the sub-tangles of type B(1)-B(5) as in Figure 4 . In these sub-tangles the two endpoints p 1 , p 2 on d i belong to the same string. Since the disk E would have to separate them, such a disk cannot exist. The disk E if it exists must also separate the strings t 1 and t 2 in the absence of t 3 . So omit the string t 3 from all sub-tangles. Now, in sub-tangles (6) and (7) we can twist the interior of the string t 1 , fixing the endpoints of the strings, to get rid of the a 3 crossings. In sub-tangles (9) and (10) we can twist about the disk d i , fixing its boundary, to also get rid of the a 3 crossings. In all cases, including sub-tangle (8), we obtain a sub-tangle of type A. The existence of a disk E in the sub-tangles of type (6)- (10) would imply the existence of such a disk in a sub-tangle of type A which is a contradiction. Hence we cannot have such an outermost disk in these sub-tangles.
Sub-case (c). Consider the sub-tangles B(11)-B(15) as in Figure 11 . As in subcase (b) we can omit the t 3 string and the disk E, if it exists, must still separate the strings t 1 from t 2 . By Lemma 3.8, which we prove below, the reduced word, represented by ∂d i , in the free group F (x, y) = π 1 (H) = π 1 (B − N(t 1 ∪ t 2 )) has both generators occur at least twice if |a i | > 1, i = 1, 3, 4. This implies that the intersection of the outermost disk E and d i contains at least two arcs and rules out the existence of the disk E. Proof. Note that d(x, y) is equal to z −1 x as indicated in Figure 12 . By checking all the different cases one sees that the word z is a conjugate of the generator y ±1 by Figure 11 Figure 12
a word containing both generators x and y. Hence the number of occurrences of y in z is greater than or equal to 3 unless z = y. If |a i | > 1, i = 1, 3, 4, clearly that is not the case. The number of occurrences of x in z must be even and thus greater than or equal to 2. If x does not appear at the beginning or end of the word z, then the number of occurrences of x in z −1 x must be greater or equal to 3. If x does appear at the end of z and xz −1 has only one occurrence of x, then, for some m ∈ Z, z has the form
, it is clear that this is not the case.
Sub-case (d). Consider the sub-tangle of type B(16).
This case must be treated differently than the previous ones, since if we omit the t 3 string, we can find a disk E with the required properties. We add a 1-tangle (B, t ) with a disk d ⊂ ∂B to B(16) along the disk d i in such a way so that the endpoints of the string t get identified with the endpoints of the strings t 1 and t 2 on d i . The 1-tangle (B, t ) contains a disk D intersecting t in a single point and intersecting d in a single arc (see Figure 13) . After the gluing of the two tangles we obtain a 2-tangle which is isotopic to B (16) as in the proof of Lemma 3.4
Assume now that the sub-tangle B(16) contains an outermost disk E ⊂ D intersecting d i in a single arc. We can arrange the gluing map between (B, t ) and B(16) so that the arc E ∩ d i is identified with the arc D ∩ d. Hence the existence of a compressing disk E in B(16) implies the existence of an annulus A = (D −N(t )) ∪ E in Figure 13 B (16). Note that A is incompressible, as one boundary component is a meridional curve, and not boundary parallel. Thus A is an essential annulus.
Consider now a decomposition of B (16) into sub-tangles B 1 and B 2 and then B 2 into B (ii) The tangle B 1 is a q-twist tangle, with q odd and the tangle B 2 is either a left torus tangle or a p-twist tangle with |p| ≥ 3. (iii) Both tangles B i are wrapping tangles with the unknotted string of B 1 glued to the unknotted string of B 2 .
For the definitions of ∆-annular, twist, torus and wrapping tangles see [Wu 2] . By Lemma 4.4 of [Wu 2] a nontrivial rational tangle is ∆-annular if and only if it is a 2n-twist tangle with |n| ≥ 2. A twist angle is, in particular, a rational tangle. Hence both B 1 and B 1 2 are not ∆-annular since both a 2 and a 1 are odd. This rules out the first case (i) for B 1 . Since no arc of B 2 has both endpoints on the gluing disk ∆ 1 between B 1 and B 2 , the tangle B 2 is not a torus tangle. The tangle B 2 is clearly not a twist tangle, hence case (ii) is completely ruled out. Since both the strings in B 1 and B 2 are unknotted, neither B 1 and B 2 are wrapping tangles and hence case (iii) is completely ruled out. It remains to prove that B 2 is not ∆-annular.
ELIZABETH FINKELSTEIN AND YOAV MORIAH
If B 2 is ∆-annular, then B 2 contains an essential annulus by Lemma 3.5 of [Wu 2] . We can now apply Lemma 3.4 of [Wu 2 ] to B 2 = B Proof. By Theorem 3.7 each of the two vertical 2-spheres S in the 6-plat knot K cuts the pair (S 3 , K) into two essential sub-tangles (B 1 , T 1 ), (B 2 , T 2 ) respectively. Hence S 3 − N (K) contains two meridonal essential planar surfaces S − N (K). The two planar surfaces are not isotopic since the tangles they divide (S 3 , K) into are different.
Corollary 3.10. Let K be a knot in S 3 admitting a 6-plat projection, m ≥ 5. If |a i,j | > 1, for each i and j, then K is a nontrivial knot.
General 2n-plats
In this section we will prove Theorem 1.1 for the general case. We consider knots or links K ⊂ S 3 in a 2n-plat projection where n ≥ 3 and m, the number of rows of crossings as in Definition 1.1, is odd and greater than or equal to 5. Let S be a vertical 2-sphere (see Definition 2.2) which intersects the knot K on the n − 1 (counted from the left) top and bottom bridges and then separates periodically one box of crossings in the first three rows and two boxes of crossings in the following row (counted from the right). See Figure 14 .
The 2-sphere separates (S 3 , K) into two tangles (B 1 , T 1 ), (B 2 , T 2 ) and we denote by (B 1 , T 1 ) the tangle containing the nth bridge. Note that if n > 3, then (B 1 , T 1 ) is an essential tangle by Theorem 3.7 and if n = 3, then so is (B 2 , T 2 ). Therefore, the goal of this section is to prove that with appropriate conditions the tangle (B 2 , T 2 ) is essential when n > 3. Since the number of strings in the tangle (B 2 , T 2 ) is always greater than or equal to two, it is sufficient to prove that ∂B 2 is incompressible in the complement of T 2 (i.e., we do not have to worry about boundary compressibility).
Let n be greater than or equal to 4. Then tangle (B 2 , T 2 ) can be cut by a disk D into two sub-tangles (B The boundary of D is on S and the disk D cuts through the (n − 2)nd top and bottom bridges (counted from the left). In each row of boxes of crossings it cuts through the row one box further to the left than S as indicated in Figure 15 (a) for m = 9 and n = 5. The tangle (B 2 , T 2 ) is the union of the tangles (B Figure 16 ). We have the following lemma: Proof. Consider the sub-tangles appearing at the "top" and "bottom" of (B 2 ), i ∈ {1, m}. So the type of tangle is determined by the configurations of the endpoints of the strings. We must always have one string on d i , i ∈ {1, m}, so if we have two endpoints on D i and one on S i , we have a sub-tangle of type (1) and if we have one endpoint on D i and two on S i , we have a sub-tangle of type (2). Note that it follows from the definitions that the sub-tangle (B 1 , T 1 ) is always of type (1) but (B m , T m ) can be either type (1) or type (2), depending on m. Consider now the sub-tangles appearing in the "middle" of (B (5) and (6) of Lemma 4.1 cannot occur since then B * can contain only one or less endpoints of T and this implies that either B * ∪ ∆ is a 2-sphere intersecting K in one point or ∂∆ is trivial. Cases (2) and (3) cannot occur since both cases are trivial 2-tangles and in such 2-tangles a compressing disk is unique and does not miss ∂(B we can find a disk with a smaller number of components of intersection contrary to the choice of ∆. We conclude that ∆ ∩ {∪d i } is a collection of arcs cutting ∆ into sub-disks.
Let E be an outermost sub-disk of ∆. The disk E is contained in a unique sub-tangle (B i , T i ), i = 1, . . . , m, which is of type (1)-(6), by Lemma 4.1. The boundary of E is a simple closed curve which consists of two arcs α ∪ δ where α is an arc on d i and δ is an arc on S * . Recall that we are assuming that ∂E ∩ D = ∅.
Case 1. Assume that the outermost disk E is contained in a sub-tangle of type (1) or (2). The curve ∂E must separate ∂(B i , T i ), i ∈ {1, m} into two disks each containing exactly two endpoints of the strings in (B i , T i ). Otherwise, either the intersection of ∆ with ∪d i is not minimal or we get a 2-sphere intersecting the knot or link K in a single point. Furthermore, each pair of endpoints separated by E must, of course, belong to the same string. Now connect each pair of endpoints by an arc on their respective disks to obtain a two component link. This link is a (2, a 1,n−2 ) or a (2, a m,n−2 )-torus link which is not split as |a i,j | > 1. Hence a disk E cannot exist in sub-tangles of type (1) or (2).
Case 2. Assume that the outermost disk E is contained in a sub-tangle (B i , T i ) of types (3)-(6). The curve ∂E cannot intersect both the disk d i and d i+1 in the sub-tangle (B i , T i ) and also must separate ∂(B i , T i ) into two disks each containing exactly two endpoints belonging to the same string, as in case (1). This rules out the possibility of (B i , T i ) being of type (5) since the fact that two endpoints are contained in D requires that any such disk E must intersect both d i and d i+1 . For the remaining cases we can connect each pair of endpoints by an arc on their respective disks to obtain a two component link as before. This link is a (2, a i,n−1 ), (2, a i,n−2 ) or (2, a i,n−3 )-torus link depending on i, i = 2, . . . , m − 1, which is not split as |a i,j | > 1. Hence a disk E cannot exist in sub-tangles of type (3), (4) or (6).
If we assume that ∂∆ is contained in D, a close observation shows that the same configurations of endpoints occur in the sub-disks of ∂(B i , T i ) separated by ∂E, as in the previous case. Therefore, we obtain a contradiction as before.
4.3. Proof of Theorem 1.1. Consider the vertical 2-sphere S separating (S 3 , K) into two tangles (B 1 , T 1 ) and (B 2 , T 2 ). By Theorem 3.7 the tangle (B 1 , T 1 ) is essential. So in order to finish the proof we need to show that the tangle (B 2 , T 2 ) is essential for n ≥ 3. The proof will be by induction on n. For n = 3 the tangle (B 2 , T 2 ) is essential by Theorem 3.7. Let n be greater than 3 and assume that the tangle (B 2 , T 2 ) is essential for all knots or links K in a 2k-plat projection with m ≥ 5 and |a i,j | > 1, for each i and j and all k ≤ n − 1. Now consider the tangle (B 2 , T 2 ) for a knot or link K with a 2n-plat projection satisfying the other conditions above.
Insert the disk D into the tangle (B 2 , T 2 ) separating it into two sub-tangles (B 1 2 , T 1 2 ) and (B 2 2 , T 2 2 ). Assume that ∆ is a compressing disk for (B 2 , T 2 ). The curve ∂∆ is contained in ∂B 2 − N (T 2 ) and, in fact, we can assume, by irreducibility, that ∂∆ ⊂ S * . Consider now such a disk ∆ which minimizes the number of components of intersection with D. The intersection ∆ ∩ D must consist of essential simple closed curves in ∂B 2 − N (T 2 ). Otherwise, we get a contradiction to the choice of ∆ as intersection minimizing. Let γ be an innermost such curve on ∆ which bounds a sub-disk ∆ * of ∆. The disk ∆ * cannot be contained in (B 2 ) as γ ⊂ D and this would contradict Lemma 4.2. Hence we cannot have such a disk ∆ and the tangle (B 2 , T 2 ) is essential. Note that the arguments work for all vertical 2-spheres by symmetry. So, in particular, all vertical 2-spheres are essential and there are 2 · (n − 2) of them: Two for each bridge of the projection, except the end bridges, depending on the two possible partitions of the second row of twists. These planar surfaces are nonisotopic since the tangles (B 1 , T 1 ), (B 2 , T 2 ) are different for the two choices of 2-spheres.
Remark 4.3. Theorem 6.1 of [GR] uses Propositions 2.2.1 and 2.3.1 of [CGLS] in order to conclude the existence of a closed incompressible surface. Proposition 2.2.1 deals with the case that the essential meridional surface F in the manifold M is nonplanar and Proposition 2.3.1 deals with the case where F is planar in which case we can conclude that the closed surface is a torus. However, the assumption in both propositions on F is that F is the surface with the minimal number of boundary components realizing the given boundary slope (see [CGLS] , p. 267). The planar essential meridional surface ∂B 1 − N (T 1 ), as proved in the proof of Theorem 1.1, is not necessarily minimal in that sense. Hence we cannot decide whether F is planar or not and cannot conclude anything directly as to the genus of the closed incompressible surface.
Consequences
In this section we will show that the condition |a i,j | > 1 can be weakened. It is an interesting question, therefore, what are the exact conditions required for a knot or link complement to contain an essential meridional planar surface. We will also describe some consequences of Theorem 1.1 and its proof.
